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4.3 GRATINGS AND MONOCHROMATORS

Malcolm R. Howells

A. DIFFRACTION PROPERTIES

A.1 Notation and sign convention

We adopt the notation of Fig. 4.6 in which o and 3 have opposite signsif they are on opposite
sides of the normal.

A.2 Grating equation

The grating equation may be written
mA = dy(Sina +sin ). (1)
The angles o and S are both arbitrary, so it is possible to impose various conditions relating

them. If thisis done, then for each A, there will be aunique o and . The following conditions
are used:

() ON-BLAZE CONDITION:

where 6g isthe blaze angle (the angle of the sawtooth). The grating equation is then
MA = 2d,sinBg cos(S + 6g) . 3
Grating d/mm

Q m=2
__ﬁ/ m=-1

Zero order

Wavelength A

Fig. 4-6. Grating equation notation.



(I1) FIXED IN AND OUT DIRECTIONS

a-B=20, (4)
where 26 is the (constant) included angle. The grating equation is then
mMA = 2d, cosfsin( + f3). (5)

In this case, the wavelength scan ends when o or 3 reaches 90°, which occurs at the horizon
wavelength A, = 2d,cos’6

(1) CONSTANT INCIDENCE ANGLE: EQUATION (1) GIVES 8 DIRECTLY.
(IV) CONSTANT FOCAL DISTANCE (OF A PLANE GRATING):

cosf

= aconstant ¢y, (6)
coso

leading to a grating equation
2
1_(d@_sanﬂ] _cos’p @

2
0 Cst

Equations (3), (5), and (7) give B (and thence «) for any A. Examples of the above o-f3
relationships are as follows:

(i) Kunzeta. plane-grating monochromator (PGM) [1], Hunter et al. double PGM|[2],
collimated-light SX700 [3]

(i) Toroidal-grating monochromators (TGMs) [4, 5], spherical-grating monochromators
(SGMs, “Dragon” system) [6], Seya-Namioka[7, 8] most aberration-reduced holographic
SGMs [9], variable-angle SGM[10], PGMs [11, 12, 13]

(iii) Spectrographs, “ Grasshopper” monochromator [14]

(iv) SX700PGM [15] and variants[10, 16, 3]

B. FOCUSING PROPERTIES[17]

The study of diffraction gratings[ 18, 19] goes back more than a century and has included plane,
spherical [20, 21, 22], toroidal [23] and ellipsoidal[24] surfaces and groove patterns made by
classical (“Rowland”) ruling [25], holography [26, 27, 28] and variably-spaced ruling [29]. In
recent years the optical design possibilities of holographic groove patterns[30, 31, 32] and
variably-spaced rulings [13] have been extensively developed. Following normal practice, we
provide an analysis of the imaging properties of gratings by means of the path function F [32].
For this purpose we use the notation of Fig. 4.7, in which the zeroth groove (of width dp) passes
through the grating pole O, while the nth groove passes through the variable point P(w,l). The
holographic groove pattern is supposed to be made using two coherent point sources C and D
with cylindrical polar coordinates (rc,7,2c), (Ip,9,2p ) relativeto O. The lower (upper) signin
eg. (9) refers
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Fig. 4-7*. Focusing properties notation.

to C and D both real or both virtual (one real and one virtual) for which case the equiphase
surfaces are confocal hyperboloids (ellipses) of revolution about CD. The grating with varied
line spacing d(w) is assumed to be ruled according to d(w) = dg(1+Vyw + VLW + ... We
consider al the gratings to be ruled on the general surface x = 2. &jW | andthe g;
coefficients[33] are given for the important casesin Tables 1 and 2

B.1 Calculation of the path function F

F isexpressed as

F = z F”kWIIJ
ijk

) ) i €)
where Fj = 2° Gy (at,1) + Z°Gj (B,1) +d— fiik
0o .
and the f;, term, originating from the groove pattern, is given by one of the following
expressions.
’6(i—1)j|( Rowland
d .
fiik =<Tz{zéqjk(y,rc)izgqjk(6,rD)} holographic 9)
Mk varied line spacing

The coefficient Fj isrelated to the strength of thei,j aberration of the wavefront diffracted by
the grating. The coefficients G and ny, are given up to sixth order in Tables 3 and 4 in which
the following notation is used:

_ oo

1 (10)
T=T(r,a)= ; — 28y, COS S:S(r,a):F—Zaozcosa




Table 1: Ellipse coefficients Q;; fromwhich the a;;’ s are obtained[ 33]

j 0 1 2 3 4 5 6
i
0 0 0 1 0 c/4 0 c2/g
0 0 A 0O 3ACc/4 0 ¢
2 1 0 (242 +C) /2 O acar?+c)fs 0 7
3 A B A2A? +3C) /2 B i A
4 (4% +C)/ O (sa*+24A’C+3c?) /8 O " o
> A4A?iac)fa O ’ 0 ’ o -
© | (8a*+12p%C+C?) /s O i B i SR

4f r, r" and 6 arethe object distance, image distance, and incidence angle to the normal,
respectively, then
Qj cose(l 1) sine(l 1) 2 1
= a . where ayy=——|-+—=| A=——(--=| C=A+
%= %0 g 27 4 \r'r 2 rr

The a;j’ s for spheres, circular cylinders, paraboloids and hyperboloids can also be obtained

’ ’

from Tables 1 and 2 by suitable choices of the input parameters r, r” and 6.

Ta_ble 2. Toroid? a;'s[33]

J 0 1 2 3 4 5 6
|
0 0 0 1(2p) 0 1/(8R®) 0 1/16p%
1 0 0 0 0 0 0 *
2 Y@2R) O yYw@pr?) 0 2p+R/16p°R) O ’
3 0 0 0 0 * 0 *
41 yYer) O glaeprh O ’ 0 ’
5 0 0 * 0 * 0 *
6 1/(16R°) 0 * 0 * 0 *

aR and p are the major and minor radii of the bicycle-tire toroid we are considering.



Table 3: Coefficients Ciji of the expansion of F 2

1 S
Conn=— Co = 2
S 1 S
C = C =
0227 4 2r3 0L or2
4ag, - S° ag cosa. 38 -4af,  3S
Cugp=————-8ay, Cosc Cop = + + ==
040 8r %04 042 2r? 16r3 4r*
. sino
QOOZ—Sna QLOZ:?
r
sna Ssina
Cup=- r2 Cio = o — @y, COSx
ay, Coso  3Ssina a, coso  3Ssina 3sina
= — + = — —
G r? 2rd Crzz 2r? 4r® 2r4
T 1 . sna 2 2
Cono = > Cpyo = —8y, COSQL + E(Zaoza12 +a,Scosa — 8y, SiN20t) + o2 (4a02 -3S )
T sn’a T sna
Copp = ——5 + o Coy = —sr
T TS AT 52 3
1 Tsina
Coz=773 = —ag, COSK +
013 =53 Caoo =~ o
i 2
1 1 . 3 " 3sin o
Cyyy = —5 8y COSa + —= (3ST — 48,8, + 6y, SIN20) + —4 | T —2Ssin“ o) -
22 =57 % a3 ( A8y 4> ) 2l ( ) 5
(2
Coay = — iz ay, COSOL + 4—13 (—3ST + 4ag,ay, — 6ay, sin2a) + 385'#
r r r
Couo = —8p, COSQL + 2_1r (af2 Sin? ot + 28,800 + 8y, SCOSOL + 8y, T COSOL — 8y, SN 20 + 2a02a22)
1 2 : 2 . . sna ., >
+F(—4a02T — 880,80 S+12a,,Ssin 20 + 3TS” + 168,38y, SN0 — 8ag, SN 20t + T(2 , —35°)

3g Cosr  3Tsina sn*a
2r? 4r® 2rt

Caz =

agpcosa  3Tsno  sinda
+ p—

r? 2r3 r4

Cu=-




*Table 3: Coefficients Ciji of the expansion of F & (continued)

1 .
Cypo = —8g, COSQL + o (2ay08y, + 285080, + 83 SCOSK + 83, T COSAL — By, SIN201)

.3
+F12(42120a02sinoc—33|'sinoc—4a12 cosa sin a)+%
Cuoo = -2, cosoc+i(4a2 ~T?-4a sin2a)+m
400 40 gr \ 1920 30 o2

agcosoc  3Tsin’ o . sn‘a
S0

_ 1 2 2 .
Cip =— o (4a20 +3T° +12a4, Sin Zoc) +

2r 2r? 2r®
a,cosa 1 - 3Tsin’a_sin'a
Cm=_4or_2+$(4a§0_3T2—12a3osm2a)+ T s

1 : .
Cypo = —8y, COSCL + o (2a20a22 + 28,85, SIN? 0 + 28,8, — 8gy SN 200 + 8,0SCOSAL + 8y, T cosoc)
r

+ 16% (—4a§08— 8agpaneT +3ST? +128iN20/(8gy S+ ay, T) +8Sin o 285,850 — 289, SN 200 + 2a12a20))
r

Ssin* o

1 . . .
+—(2a02a205|n2a—SSTsnza—Zalzcosasnsa)+ o
r

2r3

3T?sina Tsina
8r? 2r3

1 . sino 2 .
Csgo = —ag, COSQL + E(Zazoa30 +ag,T cosa — 8, Sin2a) + 2r_2(a20 - ag sm2a) -

Cooo = —8go COSCL + 2—1r(a§0 Sin? o + 28,08y + 849 T COSOL — ag, SN Za)
+ ﬁ (—4a§OT + T2 + 168,85 SN0 + 1285, T Sin 200 — 163, COSO SN a)

Tsin*«
2r4

1 . . .
+—3(2a§0 sin? o — 3T? sin? o — 4@y, cosocsin® oc) +
4r

aThe coefficientsfor which 1<6,] <4, k<2, i+ ]+ k<6, | + k=even areincluded in this table. The
only addition to those is Cy;3, Which has some interest, because, when the system is specialized to be
symmetrical about the x axis, it represents a Seidel aberration, namely distortion.



Table 4: Coefficients njji of the expansion of F for a grating with variable line spacing

M =0 for j,k=0

Moo =1 Ngoo = (—Vf +2vVv, — Vs) / 4
Moo = —Va/2 N500 = (Vf —3VPV, +V3 + 2viv3 - V4) / 5
Nago = (v12 - vz) /3 Ngoo = (—vf + AV, — BVpV5 — BVEV5 + 2V,Vg + 2V, — v5) / 6

B.2 Determination of the Gaussian image point

By definition the principal ray AOB arrives at the Gaussian image point B (rg, 89.Z) (Fig. 4.7)
and itsdirection is given by Fermat’s principal which implies
|oF/MW)yg1-0 =0 |oF/d],_o —o =0 whence

/

dﬂ:sinowsinﬁo, 2 % -0

’

0 rf (11)

The tangential focal distance rg isobtained by setting the focusing term F,gp equal to zero and is
given by

0 Rowland

T(r,a)+ (14, Bo) = —%{T(rc,y) +T(rp,6)} holographic
0

ymi varied line spacing

L d0 (12)
Equations (11) and (12) determine the Gaussian image point B, and in combination with the
sagittal focusing condition (Fo20=0), describe the focusing properties of grating systems under

the paraxial approximation.
For a Rowland spherical grating the focusing condition (Eq. (12)) is

(coszoc ~ cosa]+[coszﬁ ~ cosﬁ): 0

r R s R

(13)

which has important special cases. (i) plane grating, R= o implying ry = —-r cos? a/0032 B, (i)
object and image on the Rowland circle, or r = Rcose, ry = Rcospand M =1 and (iii) f=90°
(Wadsworth condition). The focal distances of TGMs and SGMs are also determined by eqg. (13).



B.3 Calculation of ray aberrations

In an aberrated system, the outgoing ray will arrive at the Gaussian image plane at a point Bg
displaced from the Gaussian image point By by the ray aberrations Ay’ and AZ' (Fig. 4.7). The
latter are given by [34, 35, 36]
Ay =—T0 i AZ = réi
Cosf3y ow 2 (14)

where F isto be evaluated for A = (r,,2), B=(r3, By, Z)). By means of the expansion of F,
these equations allow the ray aberrations to be calculated separately for each aberration type.

’

f . i i
vo—_ 0 poa]
Ayljk - COSﬁo Fljklw I

LAz =R U

(15)
Moreover, provided the aberrations are not too large, they are additive, so that they may either
reinforce or cancel.

C. DISPERSION PROPERTIES
C.1 Angular dispersion

(07/1) _ dcosp (16)

E m

o
C.2 Reciprocal linear dispersion

( oA ) _dcosp _10~°d[A]cosp A/mm

a(4y’) mr’ mr’[m] , (17)
C.3 Magnification (M)
cosa r’
M(A)=—— —. 18
) cosf r (18)
C.4 Phase-space acceptance (¢)
£=NALg = NAdg, (assuming S, = MS) (19)

where N is the number of participating grooves.



D. RESOLUTION PROPERTIES

The following are the main contributions to the width of the instrumental line spread function.
The actual width is the vector sum.

() ENTRANCE SLIT (MDTH Sy):

_ Sd cosa

() EXITSLIT(WIDTH S)):

d cos

(111) ABERRATIONS (OF PERFECTLY MADE GRATING):

Ay'dcosff  d (8F)
Mpy=T—F =T 22
A mr’ m\ ow (22)

(V) SLOPE ERROR A¢ (OF IMPERFECTLY MADE GRATING):

Mg = d(cosa +mcosﬁ)A¢ | (23)

Note that, provided the grating is large enough, diffraction at the entrance dlit always guarantees
a coherent illumination of enough grooves to achieve the slit-width limited resolution and a
diffraction contribution to the width need not be added to the above.

1. EFFICIENCY

The most accurate way to calculate grating efficienciesis by the full electromagnetic theory [37,
38] for which acode is available from Neviere. However, approximate scalar-theory calculations
are often useful and, in particular, provide away to choose the groove depth (h) of alaminar
grating. According to Bennett [39], the best value of the groove-width-to-period ratio (r) isthe
one for which the usefully illuminated groove areais equal to the land area. The scalar theory
efficiency of alaminar grating with r=0.5 is given by [40]
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E = ZR{H 2(1- P)co{@)ﬂl— P)z}

—mZF:r 5 {1— 2c0sQ* COS(Q_ + 5) +cos? Q+} m= odd
E,=

m°r
where
p= AN s M gt tan ), 6= 22 (cosar + cosp)

and Risthe reflectance at angle, /o3 .
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